This paper provides an alternative proof to the MacWilliams identity for linear block codes over GF(q m ). The intermediate results of our alternative proof offer some insights of the vector-space structure.
I. INTRODUCTION
The MacWilliams identity [1] , which relates the weight distribution of a code to the weight distribution of its dual code, is useful in determining the weight distribution of codes. This is because if the dual code has a small number of codewords or equivalence classes of codewords under some know permutation group, its weight distribution can be obtained by exhaustive examination. It also leads to other identities for the weight distribution such as the Pless identities [1] .
The original proof [2] of the MacWilliams identity and some alternative proofs (see, for example, [1] , [3] , [4] ) are based on combinatorial methods. The identity can also be proved using probabilistic methods [5] and association schemes [6] . In this paper, we provide an alternative proof to the MacWilliams identity for linear block codes over GF(q m ). Our alternative approach leads to intermediate results that offer more insights. Furthermore, our approach can be adapted to derive the relationship between the weight enumerators of dual codes in other metrics [7] .
II. ALTERNATIVE PROOF

A. Weight enumerator and Hadamard transform
We will first give some key definitions in [1] . For all v ∈ GF(q m ) n , the Hamming weight function of
. Let C be a code of length n over GF(q m ). The Hamming weight enumerator
For any two codes C 1 and C 2 , the weight enumerator of their cartesian product C 1 ⊕ C 2 is given by
Also, the weight enumerator GF(q m ) n is given by
Definition 1 ( [1] ): Let C be the field of complex numbers. Let a ∈ GF(q m ) and let {1, α 1 , . . . , α m−1 } be a basis set of GF(q m ). We thus have
Definition 2 (Hadamard transform [1]):
For a mapping f from GF(q m ) n to C, the Hadamard transform of f , denoted asf , is defined to bê
where u · v denotes the inner product of u and v.
B. Alternative Proof
We first derive the Hamming weight enumerator of v ⊥ , where v is an arbitrary vector. Then, using this result as well as properties of the Hadamard transform, we obtain the MacWilliams identity for the Hamming metric.
where C is an (r, r − 1, 2) MDS code.
Proof:
We can express v as v =vP, wherev = (v 0 , . . . , v r−1 , 0 . . . , 0) has weight r, and P is a permutation matrix. Note thatv is the parity-check of the code C ⊕ GF(q m ) n−r , where C = (v 0 , . . . , v r−1 ) ⊥ is an (r, r − 1, 2) MDS code. It can be easily checked that u ∈ L if and only if
We hence derive the Hamming weight distribution of an (r, r − 1, 2) MDS code.
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Lemma 2: Suppose v r = (v 0 , . . . , v r−1 ) ∈ GF(q m ) r has Hamming weight r. Then L r = v r ⊥ is an (r, r − 1, 2) MDS code whose Hamming weight enumerator depends on only r and is given by
Proof: It can be easily shown that the weight enumerator only depends on r, and hence W Lr (x, y) = r p=0 C r,p y p x r−p . We need to prove that C r,
⊥ with w H (u) = p and the indices of its nonzero coordinates are given by i 0 , . . . , i p−1 . Define
Accounting for all permutations of coordinates, we obtain C r,p = r p C p,p . We will now show that
by induction on p (p ≥ 1).
First, it is clear that C 1,1 = 0. Now suppose Eq. (4) 
Proof: The case r = 0 is straightforward. For r ≥ 1, we combine Lemmas 1 and 2, and Eq. (1) and (2) to obtain Eq. (5).
Theorem 1: For any linear code C and its dual code C ⊥ over GF(q m ), we have
Proof: We have w H (λu) = w H (u) for all λ ∈ GF(q m ) * and all u ∈ GF(q m ) n . We want to determinê
By Definition 2, we can split the summation in Eq. (3) into two parts:
where L = v ⊥ . If u ∈ L, then χ(u·v) = 1 by Definition 1, and the first summation is equal to W L (x, y).
For the second summation, we gather vectors into groups of the form {λu 1 }, where λ ∈ GF(q m ) * and
We remark that for u ∈ GF(q m ) n \L (see [ (v) . Applying this result to f H , we obtain (6).
